Abstract. A steady state cross-shelf density gradient of a wind-free coastal ocean undergoing winter time cooling is found for cooling and geometries which do not vary in the along-shelf direction. The steady state cross-shelf density gradient exists even when the average density of the water continues to increase. The steady state density gradient can be attained in less than a winter for parameters appropriate to the mid-Atlantic Bight. The cross-shelf eddy-driven buoyancy fluxes which cause this steady state gradient are found to depend critically on bottom friction and bottom slope, and the coastal polyna solutions of Chapman and Gawarkiewicz [1997] are significantly modified by this dependence in the limit of polynas with a large alongshore extent. Bottom friction retards the cross-shelf propagation of eddies, so that the buoyancy transport is no longer carried by self-advecting eddy pairs but mixed across the shelf by interacting eddies. The eddy interaction changes the length scale of the eddies until it is the lesser of the Rhines arrest scale or an analogous frictional arrest scale. The estimates of the steady state cross-shelf density gradient are found to compare well with numerical model results.
cross-shelfbreak flux of buoyancy. The work below confines itself to the dynamics of the coastal ocean and assumes the cross-shelfbreak flux of buoyancy is given. Even if the given cross-shelfbreak flux does not balance the surface cooling and the density increases without bound, the cross-shelf density gradient reaches a steady state. For this reason, it will be the steady state cross-shelf density gradient which will be sought. Since it is the density gradient, not the density, which forces the currents and control mixing on the shelf, a steady state density gradient implies steady mean currents, steady cross-shelf transport and dispersion, and steadiness in all important motions and quantities on the shelf save the actual density. When cooling is imposed on the initially homogeneous water of the model, convection mixes the water from top to bottom in less then an inertial period (27rf -•) and keeps the entire water column slightly unstably stratified. This strong vertical mixing inhibits the cross-shelf flux of heat while preventing the Earth's rotation from strongly affecting the flow [Pringle, 1998] . During this regime the cross-shelf heat transport is small, the heat balance is essentially onedimensional, and the vertical mean density • evolves as poBt • = gh '
where h is the water depth, g is the gravitational acceleration, and Po is the mean density. Since there is a bottom slope, there is a cross-shelf density gradient which drives a weak (< I cm s -•) cross-shelf flow [Pringle, 1998] . sity gradient by 40% in 15 days. Soon after, the cross-shelf density gradient achieves a statistical steady state, shown in Figures 2c and 3 , in which surface cooling is balanced by a cross-shelf heat flux. It is for this steady state density gradient that the scaling below solves. Because there is a wall for the "offshore" boundary and the surface is everywhere cooled, the mean density of the domain will always increase. However, the density will increase everywhere at the same rate, so the mean cross-shelf density gradient does not change. Not only' does the cross-shelf density gradient reach a statistical steady state, but the mean along-shore velocities, the length scales of the eddies, and the variance of the velocities all reach statistically steady states. The flow at this point appears turbulent in the sense that the fluctuations in the flow at a point are unpredictable, and Lagrangian particles disperse as would be expected in a turbulent flow [Davis, 1987] .
Numerical Model Motivated by a Coastal Polyna
In an ice-covered coastal ocean the wind can create gaps in the ice near the shoreline by blowing the ice offshore. These open patches of water can experience large surface buoyancy fluxes, both from cooling and from brine rejection. CG examine eddy buoyancy fluxes out of the ice-free region and give scales for the maximum density attained by the water beneath the polyna and the time needed to achieve this density in the limit of no bottom friction. To examine how these dynamics are changed by bottom friction in the limit of a polyna with along-shelf extent much greater than its cross-shore extent, two model runs are made with the cooling limited to the 10 km nearest to the shore, one with bottom friction and one without.
The bottom is flat, with a depth of 100 m, and the surface buoyancy flux B is about double the base case of CG, or 10 -6 m 2 s -a. As in CG, the offshore wall is placed far enough offshore that it does not affect the results shown in this section, so the domain is effectively semi-infinite (this is tested by repeating runs with the wall farther offshore). In the notation of CG and Chapman [1998] , this is a >> b, b -10 km, W -La, H -100m, and Bo -10 -6 m 2 s -3 In the runs with bottom friction, the bottom stress is proportional to pot times the bottom velocity, and r -4./5 x 10-4m s -•. Spall and Chapman [1998] and Chapman [1998] predict that the density averaged over the cooling region will stop increasing at a time 1 /;steady m ,
after which the surface buoyancy flux is balanced by horizontal eddy buoyancy fluxes out of the cooling region. The constant ce is found on theoretical grounds to be m 0.04 by Spall and Chapman [1998] . Here ycool is the offshore extent of the cooling. In Figure 4 depends linearly on the cross-shelf density gradient (i.e. a constant eddy diffusivity). In a semi-infinite ocean the density at the coast will then increase as the square root of time. This is because for a constant eddy diffusivity the offshore extent of the buoyancy anomaly will scale as the square root of time. The total buoyancy in the ocean anomaly will scale as the buoyancy at the coast times the offshore extent of the buoyancy anomaly and must also increase linearly with time as the surface buoyancy flux is constant: thus the anomaly at the coast will increase as the square root of time [Kevorkian, 1990 p. 22] . It is straightforward to extend this result and show that the buoyancy anomaly at an arbitrary point will also increase as the square root of time at long time if the cross-shelf buoyancy flux scales as the cross-shelf density gradient raised to any nonzero power. In a semi-infinite ocean the cross-shelf buoyancy flux at a point differs from the net surface flux inshore of that point by an amount proportional to the time rate of change of the average buoyancy inshore of that point. Since the buoyancy increases as the square root of time, the cross-shelf buoyancy flux will asymptote to a constant as one over the square root of time at long time.
Scaling for the Steady State Cross-shelf Density Gradient: Introduction
In section 3, numerical model results were shown that described the evolution of a coastal ocean from a homogeneous body of water to a stratified ocean with a statistically steady cross-shelf density gradient. This steady density gradient is sufficient to drive a cross-shelf buoyancy flux which balances the surface cooling. The eddies which produced the mixing that caused the cross-shelf buoyancy flux were formed and destroyed with little cross-shelf translation: thus, presumably, the dynamics of the eddies depends on local conditions.
The scalings below solve for the resulting cross-shelf density gradient in three steps: First, given the distribution of the surface buoyancy flux, the cross-shelf buoyancy flux for a steady state buoyancy (and hence density) gradient is diagnosed. Second, a scale is found relating the cross-shelf density gradient to the cross-shelf buoyancy flux it causes. Third, these two steps are combined algebraicly to find the cross-shelf density gradient.
Buoyancy/Heat Balance
The first step in solving for the steady state is to find the cross-shelf buoyancy flux which leaves the cross-shelf density gradient in steady state. To make the following derivations simpler, the Boussinesq approximation is made, and a linear equation of state will be assumed, allowing either cooling or brine rejection to be included in a single equation for the conservation of density' O• 1 OF poB
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The overbar is a depth and along-shelf averaging operator, F is the depth-integrated cross-shelf flux
and B is the surface buoyancy flux. (Details of the conversion of a heat flux to B are given in Appendix A.) For the buoyancy balance to be in steady state the eddy currents which mix the buoyancy across the shelf must be in a statistically steady state. For the currents to be in a statistically steady state the cross-shelf density gradient which drives them must also be in a statistically steady state. For the cross-shelf density gradient to be in a steady state the time rate of change of density must be the same everywhere Assuming that the cross-shelf flux at the seaward side of the domain is known is clearly artificial, but making that assumption allows one to focus on the processes occurring on the shelf. It is important to note that unless the crossshelf heat flux at the oceanward boundary exactly matches the cross-shelf integral of the surface cooling, the mean density of the water over the shelf changes with time. This in no way precludes the existence of a statistically steady crossshelf density gradient.
Relating O•/cOy to F
The second step toward finding the steady cross-shelf density gradient is to find the cross-shelf flux F driven by a known cross-shelf density gradient.
The cross-shelf depth-integrated density flux F can be
and the flux can be scaled as
where V* is a cross-shelf velocity scale, p* is a density anomaly scale, •yy is the along-shelf averaged cross-shelf gradient in the depth mean density, L* is the cross-shelf length scale of the eddies which transport heat across the shelf, and •, is the correlation between the depth-averaged cross-shelf velocity and the depth-averaged density field. Note that •' will not be used as a fitting parameter in this work. Equation (7) is a classical turbulent mixing scale; the restrictions on a flow field needed for it to be valid are given by Davis [1987] . Equation (7) also assumes that the flux is the product of the depth-averaged velocity times the depth- 
Testing the Scales in Numerical Models
The scale for the cross-shelf density gradient, (17), is tested by comparing (17) where a, the bottom slope, is 10 -3. The base case surface density forcing is 10 -6 m 2 s -3 for both of these geometries. This would represent a tremendous heat flux if it only represented a heat flux; however, when brine rejection is included, it is a reasonable forcing for Arctic polyna events [Cavalieri and Martin, 1994 ]. All of the runs are summarized in Table   1 .
All of the model runs have a linear bottom drag law
Tbottom •-rpou (20) and in the base cases, r = 4.5 x 10 -4 m s -1 . All of the models were run with a domain 160 km wide in the cross-shelf direction. The grid spacing was adjusted so that there were at least five eddies in the along-shelf direction and a typical eddy was resolved by at least 12 along-shelf grid points. The models were run until the cross-shelf density gradient and the mean density of the domain in the "open wedge" runs reached a steady state. The models were then run for a further 50-100 days while averages of the mean density, density gradients, velocity variances, etc, were made. All averages were made at least one eddy length away from the coastal wall and from the offshore wall if present. The parameters of each model run are given in Table 1 .
The first and most basic test of the model is to ask how the average cross-shelf density gradient in the model compares to the cross-shelf average of (17). To do so, a value of 7 must be specified. Here 7, the correlation coefficient between the depth-averaged density and the depth-averaged cross-shelf velocity, is computed directly from time series of velocity and density taken from the numerical models, and an average value for each model run is presented in Table 1 a Here 3' is the correlation between the depth averaged v and p fields observed in the model. LRn/Lfr is an average of (18) over the model domain and is calculated from the forcing and geometry. Az is the grid spacing in kilometers. 2Q means double the cooling of the base case, 2f means double the rotation rate, etc, r is bottom friction, "Slope" is the bottom slope, and h is the water depth.
A comparison between cross-shelf-average of (22) and the cross-shelf averaged density gradients in the numerical model runs is given in Figure 7 , and the demeaned depthaveraged density anomaly for four of these model runs is also shown along with the cross-shelf integrals of (22) In Figure 9 the changes in the cross-shelf-averaged crossshelf density gradient in the flat bottom cases are shown as the cooling, depth, bottom friction, and inertial frequency are varied: the expected percent changes from the base case cross-shelf density gradient are shown as boxes, and the percent change in the numerical models are shown as shaded bars. The change in the density gradient is well predicted by the scalings, and these changes are resolved by the model, for all of the changes in the forcing and geometry except for halving of the water depth (runs f10-f12). Equation (22) Fortunately for the success of the estimate of the crossshelf density gradient, the errors in the scales for the crossshelf velocity and the eddy length scale are such that their product is nearly constant, and thus the scale for VL is much better than the scale for either alone. It is this product which enters into the scale for the cross-shelf buoyancy flux, (16), and hence into the estimate of the cross-shelf density gradient. The deficiencies in the scales for V* and L* clearly point out their ad hoc nature and indicate a direction that future work must take.
Conclusion
The cross-shelf buoyancy flux driven by a given crossshelf density gradient is found for a coastal ocean with no mean along-shore variation in forcing or geometry (16). It is found under the assumption that the baroclinic instabilities in the flow field have grown to form eddies and that the cascade of these eddies to lar'ger length scales has reached equilibrium. The resulting length scale of the eddies is estimated to be the lesser of the Rhines arrest scale, (9), or a friction arrest scale, (14). The strength of the cross-shelf buoyancy flux is found to depend on bottom friction and slope, modifying the results of CG, at least in the limit of polynas with a large along-shore extent.
This relation between the cross-shelf density gradient and the cross-shelf heat flux is then used to estimate the steady state cross-shelf density gradient of a continental shelf exposed to steady wintertime cooling (17). The steady state is attained when the sum of the divergence of the cross-shelf heat flux and the surface cooling divided by water depth is everywhere the same, so that the density of the water increases everywhere at the same rate, leaving the cross-shelf density gradient unchanged (5). The steady state cross-shelf density gradient exists even when the offshore boundary condition precludes the existence of a steady state density.
The steady state cross-shelf density gradient scaling is tested in numerical models of the continental shelf run over a broad range of parameters (Table 1) , and it is found that the scaling predicts the cross-shelf density gradient well ( Figure  7) . In model runs whose parameters are similar to those of the mid-Atlantic Bight the steady state cross-shelf density gradient is achieved in less than a winter (Figure 3) . Because the scalings for the cross-shelf heat flux and the cross-shelf density gradients are only valid when there is at least weak bottom friction, they will not be directly relevant to the deep ocean and thus the work of VMJ. However, the result that the interaction of eddies is important to the evolution of broad regions of instability is likely to hold even in the absence of bottom friction and suggests further extensions to VMJ and Visbeck et al. [1997] .
The effect of wind-driven boundary layer currents forced by the wind on the eddies has not been considered. Since these currents can be considerable, their effect on the eddies must be considered in any more complete theory.
Appendix A
The numerical model is SPEM 5.1, an enhanced version of the primitive equation model described by Hedstrom [1994] . This version of SPEM uses finite differences in the vertical and an implicit mixing scheme. The model is now built on a full three-dimensional Arakawa C grid and has a rigid lid.
The model uses a modified cr coordinate system in the vertical, in which the vertical resolution near the top and bottom is kept constant while the interior vertical resolution scales with the water depth [Song and Haidvogel, 1994] .
The model was run with 30 levels in the vertical, concentrating eight levels in both the top and bottom 10 m in order to resolve the boundary layers. The cross-shelf resolution was 2 km, and the along-shelf resolution was between 2 and 4 km, as required to resolve eddies with at least 12 grid points.
The numerics of the model were changed in order to improve the computational speed by a factor of 3 by running the implicit vertical mixing scheme at a shorter time step than the rest of the model. This is necessary because of the extremely high diffusivities needed to model convection. See Pringle [ 1998] for details of the changes to the code.
•o The seaward boundary is a free slip vertical wall in the 
